We discuss Abelian and non-Abelian three dimensional bosonization within the path-integral framework. We present a systematic approach leading to the construction of the bosonic action which, together with the bosonization recipe for fermion currents, describes the original fermion system in terms of vector bosons.
Three dimensional bosonization, i.e. the mapping of a three dimensional fermionic theory onto an equivalent bosonic quantum field theory, has attracted considerable attention, particularly after its connection with ChernSimons (CS) theories was unraveled [1] - [16] . In this context, the path-integral framework has provided a systematic approach to derive bosonization recipes both in the Abelian and non-Abelian cases [7] , [9] - [12] , [16] . This approach relies on the evaluation of the three-dimensional fermion determinant which, in contrast with the two-dimensional one, cannot be computed in a closed form. Because of this problem, one cannot give an exact expression for the bosonic Lagrangian which corresponds to the original free fermionic one. In contrast, one does obtain an exact bosonization recipe for the fermion current [16] :
Here ψ i (i, j = 1, · · · , N) are massive fermions (with mass m), t a are the generators of some group G (a = 1, · · · , dimG). Finally A µ is a vector field taking values in the Lie algebra of G (µ = 0, 1, 2).
It is the purpose of the present work to develop a systematic approach which allows to evaluate the bosonic action accompanying recipe (1) once an approximation scheme for calculating the fermion determinant is adopted. In this respect, we show how to construct the bosonic action order by order in a 1/m expansion so that our results extend those in ref. [16] where only the m → ∞ limit was considered. For the Abelian case we also analyze an alternative (quadratic) approximation which allows to make contact with bosonization of massless fermions.
To begin with, let us compare the path-integral bosonization approaches in 2 and 3 dimensions. In the former case one can show that the fermion determinant gives, in the non-Abelian case, the Wess-Zumino-Witten (WZW) action. Now, thanks to the existence of the Polyakov-Wiegmann identities for WZW functionals [17] , the problems posed by path-integrals of non-quadratic terms can be overcome and the bosonization recipe can be derived in a very simple way.
In three dimensions the situation is more involved. Firstly, one has not a closed expression for the fermion path integral. Even if one approximates the fermion determinant by its leading order in a 1/m expansion (the nonAbelian CS term), one needs at some stage of the d = 3 bosonization procedure to decouple a vector field A µ (the bosonic counterpart of the original fermionic fields), identified by the source term, from an auxiliary field b µ but no Polyakov-Wiegmann identity is available in d = 3 to do this work. Fortunately, the existence of a "large" BRST invariance of the resulting effective action allows the disentangling of path-integrals on A µ and b µ . This BRST invariance was exploited in [16] in an analysis of the leading order in the 1/m expansion for the fermion determinant. We show here that in fact it can be realized independently of any approximation and hence it ensures that one can always find the bosonization recipe for the fermion action. The BRST symmetry exploited to get the bosonic action is highly related to that used in [18] - [19] , and is analogous to the one that arises in topological field theories [20] , its origin being related to the way an originally "trivial" auxiliary bosonic field enters into play.
We start by describing the main steps in the bosonization technique developed in [16] . Consider the d = 3 Euclidean Lagrangian for N free massive Dirac fermions
The corresponding generating functional reads
where s µ is the source for fermion currents. We introduce at this point an auxiliary vector field b µ through the use of the d = 3 identity [16]
where
and
Using (4) the generating functional (3) can be written as
In order to go on with the bosonization one needs an explicit expression for the fermion determinant in (7). We shall consider separately the nonAbelian and the Abelian cases. In the former, we shall extend the results presented in ref. [16] by discussing the evaluation of the effective action within an expansion [21] of the fermion determinant in inverse powers of the fermion mass. In the latter, apart from briefly discussing the results of this 1/m expansion, we shall also consider an approximation consisting in keeping quadratic terms in a b µ expansion of the fermion determinant [22] , [11] . Our analysis will show that even if one does not have an exact expression for the d = 3 fermion determinant there is a systematic way of calculating the bosonic action resulting from the integration of the auxiliary field b µ .
(i) The non-Abelian case Using identity (4) one can write, instead of (7),
is an arbitrary functional which can be introduced in order to control the issue of symmetries at each stage of the derivation. It is convenient to choose X in the form
Now, if we introduce a Lagrange multiplier A µ (taking values in the Lie algebra of G) to represent the delta function in (8) , Z f er [s] takes the form (10) with the bosonic action S bos [A] given by
Differentiation of Z f er [s] with respect to s µ trivially leads to the bosonization recipe (1) which, we insist, is an exact result in the sense that no approximation was done to obtain this result. The choice (9) makes A µ transform as a gauge connection. Indeed, under the change
one has
which implies the necessary identity
This identity guarantees that current correlation functions calculated by differentiation of the generating functional (10) will have the correct transformation properties. In this respect, the bosonization recipe (1) should be taken as illustrative of the bosonization since the rigorous equivalence between the fermionic and the bosonic theory is at the level of the generating functional
written in the form (10) that one has to compute current correlation functions in the bosonic language. We now consider the expression for the bosonic action defined in eq.(11) once ghost fieldsc µ and c µ are introduced to represent the Faddeev-Popov like determinant,
The ± signs are introduced for convenience and are related to regularization ambiguities arising in the evaluation of the fermion determinant which contains a parity violating term with this ambiguity [21] . We have written
It was observed in ref. [16] that when L[b] is approximated by its first term in the 1/m expansion, a set of BRST transformations can be defined so that the corresponding BRST invariance allows to obtain the (approximate) bosonic action. We shall explicitly prove here that this invariance is present in (16) where no approximation for L[b] is assumed. To this end, we introduce a set of auxiliary fields h µ (taking values in the Lie algebra of G) and l so that one can rewrite (16) in the form
whereχ is an anti-ghost field. Written in the form (19) , the bosonic action has a BRST invariance under the following nilpotent off-shell BRST transformations
(These transformations are slightly different from those in ref. [16] due to the present choice of functional
In view of this BRST invariance, one could add to S ef f a BRST exact form without changing the dynamics defined by S bos [A] . Exploiting this, we shall see that one can factor out the A µ dependence in the r.h.s. of eq.(19) so that it completely decouples from the path-integral over auxiliary and ghost fields. Although complicated, this integral then becomes irrelevant for the definition of the bosonic action for A µ . Indeed, let us add to S ef f the BRST exact form δG,
with
and H να [A, b, h] a functional to be determined in order to produce the decoupling. Then, consider the change of variables
is some functional of A µ changing covariantly under gauge transformations,
so that b ′ µ is, like A µ and b µ , a gauge field. Integrating over l in (18) 
then, when written in terms of the new b ′ µ variable, the ghost term becomes
so that its contribution is still A µ independent. Then, we can write the effective action in the form
where * H µ = ε µνα H να . Condition (25) made the ghost term independent of the bosonic field A µ . We shall now impose a second constraint in order to completely decouple the auxiliary field b ′ µ from A µ in S ef f . Indeed, consider the conditions
In terms of the original auxiliary field b µ these equations read
Eqs.(30) can be easily written in terms of L, H and V as a lengthy equation that we shall omit here.
The strategy is now as follows: once a given approximate expression for the fermion determinant is considered, one should solve eq.(30) in order to determine functionals V in eq.(23) and G in eq. (22) , taking also in account the condition (25). In particular, if one considers the 1/m expansion for the fermion determinant, equations (25) 
where the Chern-Simons action S CS is given by
Concerning the parity conserving contributions, one has
To order zero in this expansion, solution of eqs.(25),(30) is very simple. Indeed, in this case the fermion determinant coincides with the CS action and one can easily see that the solution is given by
With this, the change of variables (23) takes the simple form
and the decoupled effective action reads
We then see that the path-integral in eq. (18), defining the bosonic action S bos [A], factors out so that one ends with a bosonic action in the form
as advanced in [10] , [16] . Let us remark that in finding the solution for G one starts by writing the most general form compatible with its dimensions,
All the arbitrary parameters d i are determined by imposing the conditions (25) and (30) with * H µ transforming covariantly (as h µ does) under gauge transformations which leads, together with a gauge invariant action, to the solution (35).
To go further in the 1/m expansion one uses the next to the leading order in the fermion determinant as given in eq.(31). Again, starting from the general form of G and after quite lengthy calculations that we shall not reproduce here, one can find a unique solution for V µ and H να leading to a gauge invariant action,
(40)
The corresponding change of variables (23) takes now the form
so that one can again integrate out the completely decoupled ghosts and b ′ fields ending with the bosonic action
This result extends to order 1/m the bosonization recipe presented in refs.
[10], [16] . In this way, from the knowledge of the 1/m expansion of the fermion determinant one can systematically find order by order the decoupling change of variables and construct the corresponding action for the bosonic field A µ . One finds for the change of variables
Here C (2) is a (dimensionless) constant to be determined from the 1/m 2 term in the fermion determinant expansion, which should be proportional to * f µ D ρ f ρµ . Evidently, finding the BRST exact form becomes more and more involved and so is the form of the bosonic action which however, can be compactly written as
(ii) The Abelian case
As it should be expected, the obtention of the bosonic action from the knowledge of the fermion determinant expansion in powers of 1/m greatly simplifies in the Abelian case. We shall briefly describe this calculation and then discuss another approximation which allows to obtain the bosonic action in the m → 0 limit.
No ghosts have to be employed when using the identity (4) in the Abelian case. Moreover, since in both approximations to be considered only quadratic terms are included in the determinant expansion, no additional exact BRST terms are necessary in order to decouple the auxiliary field b µ from the bosonic field A µ . One then has, instead of (18)- (19),
(There is no need in the Abelian case to introduce an X[b], since the action (48) is already gauge invariant with A µ and b µ transforming as gauge fields.) Again, we consider the change of variables with
µ is also a gauge field. Parameters θ and λ are at this stage arbitrary, and θ can be a functional of ∂ 2 /m 2 (One could have introduced these parameters also in the non-Abelian case but they were chosen so as to simplify calculations in the 1/m expansion). In terms of L[b] and V µ [A] the decoupling conditions (30) become here
If we now use for L[b] the result of the 1/m expansion of the fermion determinant [21] ,
and try for V µ [A] the functional form
we get, from the decoupling equation (50),
if we choose λ = ∓1/8π to have for simplicity (as in the non-Abelian case) θ = −1. The bosonic action for A µ can be easily found to be
This result extends that originally presented in ref. [7] . One can in principle determine, following the same procedure, the following terms in the 1/m expansion of S bos by including the corresponding terms in the fermion determinant expansion. It is evident that, in the absence of an additional BRST exact term, the decoupling equation (50) 
where P and Q are functionals to be calculated within a loop expansion,
In order to decouple the b µ field one again proposes a change of variables like in (49) but now trying for V µ the (gauge-invariant) functional form
One finds, from the decoupling conditions (50),
θ being here a functional of ∂ 2 /m 2 . The solution of this equation is
With this choice, the change of variables decouples the b µ integration so that one can finally get the bosonic action for A µ which now reads
This result coincides with that found in ref. [11] , obtained by a direct functional integration on b µ . As it was proven in this last work, it corresponds for massless fermions to the bosonization action proposed in ref. [6] . Let us point that in previous works on bosonization based in the introduction of auxiliary fields b µ one needed the explicit (gaussian) integration on b µ , this being only possible in the Abelian case and in the context of a quadratic approximation. An important point in the derivation above is that we have shown the equivalence between our approach to bosonization and that based in the direct functional integration on b µ . Now, in the nonAbelian case any approximation of the fermion determinant is non-quadratic and a closed functional integration on b µ is not possible, but the approach presented here can still be followed. This is due to the fact that an appropriate change of variable and addition of BRST exact terms allows to factor out the b µ integration, this being also true within approximation schemes different from the 1/m expansion.
In summary, we have developed in the present work a systematic procedure to construct the bosonic action accompanying the fermion current bosonization recipe. In the path integral approach to bosonization, one needs to decouple an auxiliary field from the vector field A µ describing the system in the bosonic language. We showed that an adequate change of variables and the existence of a BRST symmetry allows this decoupling. In our scheme, one has to determine a functional V µ [A] appearing in the change of variables (eq.(23)) and an exact BRST term δG to be added to the effective action. We derived two equations (eqs.(25),(30)) that allow to determine V µ and G and showed through formula (46) how to construct the bosonic action. Of course one also needs to calculate the fermion determinant, this implying some kind of approximation. For the non-Abelian case we considered the 1/m approximation showing how to construct the bosonic action order by order in the 1/m expansion (eqs. (44)- (45)). We also discussed in the Abelian case a quadratic approximation for the fermion determinant. In both cases we obtained consistent formulae for the bosonic action (eqs.(54), (61)) which, together with eq.(1), give the bosonization recipe for three dimensional fermions. Let us end by noting that the same approach could in principle be applied in d > 3 dimensions.
